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IocTanoBKka npobaemmu.

HeoOxinHicTh BHBYEHHS CHCTEM JUQEpeHIlialbHUX PpIBHSHb 3 PO3PUBHUMHU TPAEKTOPIIMHU
BHUKJIMKAHA, TEPII 3a BCE, 3allUTaMHd CydYacHOI TexHiku [1-2], de IMITyIbCHI CHCTEMH aBTOMATHYHOTO
pEryJIIOBaHHS, IMITYJIbCHI O0YMCITIOBABHI CHCTEMH 3aliMalOTh MMOMITHE Miclle Ta IHTEHCUBHO PO3BUBAIOTHCA,
PO3ILIMPIOIOYH KOJIO CBOIX 3aCTOCYBAaHb.

3 TOYKHM 30py Teopii Ta NPAKTUYHOI'O 3HAYECHHS Ba)KJIMBUM € BUBUEHHSI BIIACTHBOCTEH OOMEKCHHX Ha
yCiii Oci 4M miBOCi PO3B’3KiB IU(epeHIiaIbHAX PIBHSAHB, 110 3a3HAIOTh KOPOTKOYACHUX 30ypeHb. A Takox
IHTErpalbHUX TOBEPXOHb, TOOTO, MHOXHH PO3B’S3KiB, SIKi MOKPUBAIOTH IEBHI MOBEPXHI PO3LIMPEHOTO
(hazoBoro mpocropy [3-4].

Mertoto naHoi poOOTH € MOAAIbIIE TOCHTIHKEHHS [5-6] MUTaHHS iCHYBaHHS IHTETPATbHUX ITOBEPXOHB
JTHIKHUX PO3MIMPEeHb AuQepeHUialbHUX PIBHAHB, IO 3a3HAIOTh IMIyJbcHOro 30ypeHHs. Otpumani
pe3yabTaTH MOXYTb OyTH BHKOPUCTaHI IPH BHBUYCHHI CKJIaTHUX KOJMBAJIBHHUX SIBHII B CHCTEMax, KOTpi
M IIAI0THECS KOPOTKOYACHUM 30y PEHHSM.

Buxiaa ocHOBHOr0 MaTepiaJsy.

Posrasiremo cucremy audepeHIiaabHUX PiBHIHD

de _ dx _
" =a(t,p), v =A(t,9)x+ f(t,9), tiTi,, "
Ax| :BE(¢)X+11‘(¢)9

t=t;

B SIKIH a(t,(p), f (t,(o),]i((o) — HenepepBHi  (QyHKIII CBOiX  apryMeHTiB TpH  BCiX
teR, peT”, §0:(¢1,...,¢m), nepioJuyHi Mo @, (a:L_m) 3 mepiogom 277 . Marpuuni QyHKIii

A(t , (p) Ta B, ((0) — HemepepsHi 10 ¢, ¢, 27 -nepioguusi o0 @, , & =1,m i piBHOMipHO BinHOCHO f € R
Ta [ € Z oOMexeHi.
3pobumMo mpuIyIIeHHs, Mo (QYHKIS d (t, go) 3a/10BUIbHAE yMOBY Jlimmunsg mo (P, piBHOMIpHO

BimHOCHO ¢ € R, T0OTO

la(t.0)—a(t.0,)| <o~ @)

[Ipunyckaemo Takox, 1o
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sup max
teR P<T”

Il.(QJ)H:m<OO,

1t (p)H +sup max

iez @<T™

a MOMCHTHU Ti IMITYJIbCHOT'O 36ypeHH;1 TakKl1, 10 1CHY€ CKIHYCHHA I'PaHUId

limi(t+T,t)

T—o T =P (3)

B cuity HepiBHOCTI (2) A7sl TOBIIBHOT Mapu (to,(p), ty,€R, @ eT" po3B’130K MepLIOTo 3 PiBHAHB
1), o (to, (0) , 0, (to, (0) = @ icHy€ 1 MOXe OyTH MPOJOBKEHHI HA BCIO YUCIIOBY BiCh R .
Hexan ¢, (to,(o) — 3araJibHUil PO3B’SI30K 3a3HAYCHOTO DIBHSHHSA, SKUH 3aleXuTh Bl [, € R Ta

@ eT" sk Bin napameTpis. Po3risHeMO cHCTEMY PiBHSHD 3 IMITYJIbCHUM 30yPEHHAM

dx
Z_A(tagpt(t09¢))x+f(t’¢t(t0’¢))’ t?le-, (4)

AxL:Ti =B, (¢r,- (foa(P))XJrf,» (gori (t0a¢))-
TMosnauumo uepes Q) (l‘o, (0) MAaTpHIIAHT CHCTEMH PiBHIHb

%z A(to,(ty,0))x, t#7, Ax

1=, B, ((or, (toa¢))x- (%)

IToxaxxemo, 1o
QL (6,9, (1,0)) = 2. (1,9) (©6)

i noBieHuX ,7,0 € R .

. t
JU1st 1BOTO B TOTOXKHOCTSIX, SIKi BU3HA4at0Th (2 (to, (p)

d t t
- (t.0) = A(t.0,(t.0)) A (1,,7), 1#7,

AQY (to>(ﬂ) =B, ((ﬂzl. (t0a¢))Q? (toaz')

3amiumo f, Ha 0 1 @ Ha @, (l‘o,q)) . Maemo

%Q’T (6.0, (10:0)) = A(1.0, (6.2, (10:0))) 2 (0.0, (1. 0)). 17,

AQY (0.0, (0 0)) = B0, (0.9, (t2-0))) Q% (0.0, (1.0))-
3BiJICH 3 ypaxyBaHHSAM CITiBBIIHOIIIECHHS
0.(0.9,(1,0)) = 9, (1,,0) (7

OTPHUMAEMO
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d

EQQ (0.0, (10:0)) = 4(1.0,(10,0)) 2% (0.0, (1. 0)). 17,

A2 (00,10)) B 1, () (00,1.0)).

I3 ocTaHHIX CHIBBIIHOIICHb CIiAy€E, M0 Qtr (9, ®, (to,q))) € MaTPUIIAHTOM CUCTEeMH piBHSHB (5), a

TOMY CIiBHaIaE 3 Qtr (to, (0) , IO 1 IOBOJIUTH PiBHICTH (6).

Hexain C ((0) —HenepepBHa ipu @ € T" o6meskena marpuis. [puiimemo

G (t,,9)= Q (4.0)C (0. (10, 90)). T<t,
A @ (t°’¢)(c(¢r(tos¢))—E), >t

i nassemo G (to, (p) ¢yHkuieto ['pina cucTeMu piBHSIHb

%:a(l‘,(p), %:A(t7¢)xa tiz—i’

Ax|_ =B (p)x,

SKITO JTUIICHDb

o0

fle:(ofie+ X

—0 —00<7; <00

G; (t0,¢)H <K<

npu JoBinbHuX L € R, e T" .

I3 o3HaueHHs QyHKIIT G; (to, go) BHIUIMBAE, 110

G (ty,0) =G (1, 0) = E.
Kpim Toro, y cuiry criBBigHOIEHHS (6) cCripaBeUIiBa PiBHICTH
G (0,9, (10,9)) = G (1, 0)-

3 i€l piBHOCTI BUILTUBAE, 10 MATPHUIIS

Qio (t ,w)C(¢), 121, ?
G, (t,gpt(to,(p)):G; (%»(0)—{ t 0 0

Q& (1,0)(C(p)-E), t<t,

ty

CKJIaJIA€ThCA 13 PO3B’A3KIB CUCTEMH (5), AKi PO3IIANAIOTECSA NpH [ 2 ¢, Ta | <1,.

PosrisiHeMo BHUpa3s

IOG;(tos¢)f(7,¢?,(t0,¢))dr+ Z G;_ (t0’¢)1i(¢ri (to,go)).

—OO<TI-<OO
3a paxyHok Bumor (10) weii Bupa3 ckindeHHuii npu Bcix t€ R, t, € R, peT".
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ITo3naunmo

—00<7; <0

u(t,¢)=TGi(t,co)f(f,co,(fa(ﬂ))dH Y G (o) (e, (t9) (12)

1 IOKa)KEMO, 1110
Fz{(t,go,x):x:u(t,(p), teR, (peT'"} (13)

€ THTEeTPaTbHOI MHOXHHOIO cUcTeMH piBHAHB (1). [y mboro moTpiOHO NepeKoHATHCS B TOMY, IO SIKIIO

(pt(to,(p) JOBUIBHUK PO3B’S30K IEpIIOro 3 piBHAHL cucremu (1), To ((pt(to,go),u(t,(ot(to,(p))) €

PO3B’S3KOM IIi€1 CUCTEMH PiBHSHbB. [HITMMHU crioBaMu, QyHKIIis
Xx=u (t, o, (1), (o))

€ PO3B’SI3KOM CHUCTEeMH piBHAHB (4). Y BimnoigHOCTi A0 cmiBBigHOMmEHb (7), (11) dyHKuis u(t P, (ZO,(p))

JIOTTY CKA€ TIPEACTABIICHHS

o0

u(t,0,(tg,0)) = [ G (6:0,(t0:0))f (7.0, (1:0. (1,0)))dz+ 3 G (6,6, (t00) ) (0, (-0, (t0-0))) =

—0 —00<T; <00

:IOG; (t0,¢)f(’[,(pr (to’¢))dr+ Z Gt ( 0 ¢)I ((P,f (to,¢)),

—00<7; <00

IUGEPEHIIIOIOYH SIKE TIPH § # T ,, MAEMO

%u(%@ (t.90)) = A(t.9, (1,.0)) _];Gj (t.0)f (7.0, (to,go))dr+7ao;<th (t:0)L, (2, (1:0)) | +
+C((ﬂt(l‘ .9) f(t’¢z(t09¢))+(E_C(¢,(Zo,(ﬂ)))f(l,(pt(Z‘O,(o)):

= A(t,0, (s> 0))u(t:0, (1,0)) + 1 (10, (40, 0))

1715 foBinbHOrO t € R, t # 7. Ilpu ¢ = 7, 3HaX0AUMO, 1110

“(Ti +0,0, . (toa¢7))_”(7i:¢rl (t0»¢)) = T I:GrHO (t0’¢)_GrT' (to,(D):If(T, @, (t():q’))df"‘

—00

+w;<w[G”°(to 0)=Gl (t:0) 1, (0., (t0:0)) +
+C(¢’r ly>@ ) ( Ly, P ) (E C(¢r ( 0,@)))11‘((01, (to’go)):

=B,(#, (10,0 )MG t0)f (7, ¢,(to,¢))+_w;<w6‘2 (t0-0), (o, (toagﬁ))}"‘
(@, (10:0)) = B (2, (10:0) ) (7150, (10:0)) + I, (@, (10:0)).
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OcranHi CHIBBIAHOIIEHHS JOBOIATH, IO MHOXHHA (13) € IiHTerpaJlbHOIO MHOXWHOIO CHCTEMH
piBHSHB (1).

Buxopsum i3 BHIEe 3a3HAUYEHOTO, MOXEMO CPOPMYIIOBATH HACTYIIHE TBEPIKCHHS, SKE BH3HaYae
JIOCTaTHI YMOBH iCHYBaHHS iHTETpaIbHOI MHOKUHH PiBHIHE (1).

Teopema. Hexaii cucrema piBHsHB (1) Taka, 110 BAKOHY€EThCSI HEPiBHICTH (2), criBBigHOmEHHS (3) Ta

icaye ¢ynkiis ['pina G; (to,(p), ska 3amoBinbHAE HepiBHICTH (10). Tomi cucrema piBHsSHL (1) Mae

IHTerpagbHy MHOXHUHY X = U (t, (p) , sIKa BU3HAYA€ThCA piBHICTIO (12) 1 3a0BIIBHSE OIIHITI

teR 9<T” peT™

sup max Hu (1, (o)H <K [s;lellg max Hf (1, (/))H +supmax Hlf ((p)ﬂ
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JocnimKyeTbcst TUTaHHS iCHYBaHHS 1HTETpajibHOT MHOKMHH OJTHOTO KJIACy CHCTEM OU(epeHLialbHUX
PIBHSIHB, 1110 3a3HAIOTH IMITYIILCHOTO 30ypeHHs. HeoOXiaHicTh BUBUEHHS TaKMX CUCTEM 3yMOBJIEHA OaraThma
NPUKJIAIHAMA 3aJa4aMy, HalpHKIa], HEeNiHiiHOI MexaHikH. BOHM MOXyTh CIyryBaTH MaTeMaTHYHOIO
MOJICJUTIO €BOJIIOLIHNX IMPOLECiB 3 KOPOTKOYaCHUMHU 30ypeHHsMH. OTpUMaHi pe3ysbTaTd MOXYTb OyTH
BUKOPHCTaHI NPH BUBYCHHI CKIAJHHX KOJMBAJIBHUX SBHII B CHCTEMaX, KOTPi MiAJAarOThCS IMITyJILCHOMY
30ypeHHIO.

PosrnsiHyTO mMiHIMHI po3mMpeHHs Au(EpeHIiaNbHUX PIBHAHb 3 IMIYJILCHUM 30ypeHHSM, TOOTO
CHCTEMH BUAY
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%:a(t,(p), %:A(t,(p)x+f(l,(0), t#1,

AXL:T,. =B,(¢)x+1,(9p),

e a(t, (0), f (t, go), I, (go) HeTepepBHi [ing:ieiil CBOIX apryMeHTIB IS ycix
teR, peT", p= (¢1a- ..,qom) nepiognyni mo @, (& =l,_m) 3 mepiomom 277 . Marpuuni QyHKIii

A(Z,go) Ta Bi((o) HemepepsHi 1mo £, ¢, 27 -nepioanuni no ¢,, a =1,m ta obmexeHi 3a ycix fe€R,
i€ Z . llpunyckaemMo Takox, mo (yHKIis a (t, go) 3a70BONbHsIE yMOBi Jlimmungd mo (P piBHOMIpHO

BITHOCHO [ € R, a MOMEHTH IMITyJIbCHOTO 30ypEeHHS 7, TaKi, IO iICHY€ IPaHUL

_i(t+T,t)
Tl_I)Iglo T - P
ne i(t,t+T) — KIJIBKICTB TOYOK 7, Ha BimpisKy [l,t+T].

1

BcTaHoBIIEHO yMOBH, 32 SKUX JIaHi PIBHAHHS MAOTh iHTErPAIbHY MHOKUHY
F:{(t,(p,x):x:u(t,(p), teR, (peT’"}
I

u(t.p)= [ G (t.o)f (z.0. (t.0))dr+ Y. G, (o) (0, (1.0)),
—o —00<7; <00
G; (to,(p) — BignosinHa ¢yHkuis ['pina 3a1a4i npo oOMesxeHi Ha yciil ocl po3B’A3KH, ¢, (to, (0) — 3arajabHUN
PO3B’S30K MEPILOTO 3 PIBHAHB JaHOT CUCTEMH.

OnHi€10 3 IOCTATHIX YMOB HASBHOCTI iHTErpaibHOi MHOKHHM € icHyBanHs Gynkuii ['pina G, (to, (0) ,

1110 33710BOJIbHsIE 32 yeix £ € R, @ € T" wuepisHicTh

I HG; (to,(p)“dr+ > HG; (to,go)H <K <o,
KJIFOYOBI CHQBA: JUOEPEHIIAJIBHI  PIBHAHHS, IMITYJIBCHE 3BYPEHHA,
ACUMIITOTUYHA CTIUKICTD, IHTETPAJIBHA TTIOBEPXHA.

ABSTRACT

Vyshenska O.V., Bilobrytska O.I., Meish Yu. A. Linear extensions of differential equations with
impulse influence. Visnyk National Transport University. Series «Technical Sciences». Scientific journal. —
Kyiv: National Transport University, 2022. — Issue 3 (53).

The issue of the existence of an integral set of one class of systems of differential equations
undergoing impulse perturbation is investigated. The need to study such systems is due to many applied
problems, for example, nonlinear mechanics. They can serve as a mathematical model of evolutionary
processes with short-term disturbances. The obtained results can be used in the study of complex oscillatory
phenomena in systems subject to impulse disturbances.

Linear expansions of differential equations with impulse perturbation, i.e. systems of the form, are
considered

do

E=a(z,¢), %=A(t,g0)x+f(t,g0), t£1,

Axl_, =B(p)x+1,(p),
where a(t, (p), f (t, (0), I (go) continuous functions of  their arguments for all
teR, peT”, §0:(¢1,...,¢m) periodic by ¢, (a :L_m) with period 27 . Matrix functions A(Z, go)
and B, ((p) continuous by ¢, ¢, 27 -periodic by ¢_, o zl,_m and limited for all e R, i€ Z . We also
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assume that the function a(t, go) satisfies the Lipshitz condition for ¢ evenly relatively # € R, and

moments of impulse disturbance 7, such that there is a limit

_i(t+T,1)

m-——"--=p,
T

T—ow
where l'(t,t + T) — number of points 7, on a segment [t,t+ T].
The conditions under which these equations have an integral set have been established
F:{(t,(p,x):xzu(t,go), teR, goeT'”}
where
u(t,p)= [ G.(L.o)f (z.0.(t.0))dr+ Y. G, (o) (0, (10)),

G; (to,(o) — the corresponding Green's function of the problem of solutions bounded on the entire axis,

o, (to , (/)) — the general solution of the first of the equations of this system.
One of the sufficient conditions for the existence of an integral set is the existence of a Green's
function G\ (to, (0) , which is satisfactory forall 1€ R, ¢ € T" inequality

D(;;(to,qp)\pﬁ ¥

—00<7; <0
KEY WORDS: DIFFERENTIAL EQUATIONS, IMPULSIVE ACTION, ASYMPTOTIC
STABILITY, INTEGRAL SURFACE.

G, (to,(p)H <K <o
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